S&M
Split and Merge Compression Algorithm

By
Abdullah Hashim

S&M algorithm: The Finite Case
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Input: Action (w) (" Environment:
A={w, @, ..., &y} S = {51, Spr ++es S5} Output:
A={a, a,, ..., o} D = {w, W,, ..., Wz} (Ss Sj & Se S)
F=(c;,C, e, C) \ P(S) and P(D)

Discrete time interval: n
Satellite Sets ({}): In the asymptotic case, it was assumed that, the size of the sub
sets |s;] >> |F|, (1=1, ...,|S|), therefore, the process of splitting can continued
with no limitation. However, practically |s;| have a finite size, usually < |F|. The
splitting process therefore is halted when |s;| = 1. To overcome this problem, the
concept of satellite set is introduced. A satellite is a data-empty set, carries no
Information, (a null set denoted by {}) corresponding to an empty word, (a null
word denoted by A), in the dictionary D. A set with one word (|s;| = 1) known as
a singleton set. A singleton set with satellites called parent singleton of a group
of satellite. The number of satellites in the group called block length of s; and
denoted by SBL(s;) is equal to (2'-1), (where r is a positive integer).
{SBL(s;) + 1} is called the family block length of s, and denoted by {FBL(S;)},

where: 1<FBL(s) < (|| /2); FBL(s)=2",r=0, 1, 2,..., log,(|S| /2).

Abdullah Hashim-slide No. 2




Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Spr ++es S5} Output:
A={a, o, ..., o} D = {w, W,, ..., Wz} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
Matching, Merging and Splitting:

1. Matching: At interval n, match the nt action @,(n) of the input string
with the longest word in the dictionary, denoted as w¢(n). w,(n) € s, (n).
2. Merging: two sets are randomly selected (say, s;ands,, J #K #5).

Satellite sets take the identity of its parent singleton (Family Leader).
The merger is preformed as follows:
. Both s; and s, are non-empty sets and with no satellites: replace
s; by the union set (s; U sy).
. S; Is a singleton with satellite/s: remove FBL(s;)/2 satellites
from its block, s, remain unchanged.
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
i s, Is alone an empty-set or a singleton with satellite/s: remove
FBL(S,)/2 satellites from its block, s; remain unchanged.

4 Splitting s

. Set size |s| > 1: split s, into two sets along its highest word link.
(See diagr_am)

I Set s, is singleton with family block length FBL(S,): add
FBL_(SS) satellite set . If FBL(s,) Is greater than the available free
set number, (free set number at the n' interval is equal to the
maximum number of sets minus the actual number of sets after
the last merging step), then splitting procedure at this interval
will be ignored.
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Non Empty Sets Merger: Merging two non-empty sets s; and s, into one

set s, IS a process of constructing the union of the two sets and updating the
probabilities and codewords of all words within the set.

s; codewords s, codewords

WorcHs: ik word 3: 11
word 10 word 11: 10
word 10: 01
s, codewords word 12: 0011
word 10: 1 word 8: 001 word 14: 0010
word 12: 011 word 15: 000 word 8: 0001
word 14: 010 word 15: 0000 #{}
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Multi Word Sets Splitting: Splitting a multi word set s, into two sets s, and set

Ss,, along the highest splitting plane in the set, therefore most significant digit of s is
removed, and the word probabilities been doubled.

S;; codewords

word 3: 1
. word 11: 0
S, Splitting s, Se1 Se»
PR & 0006
into set s, \ o
& set s,
S, codewords
word 10: 1
SS codewords word 12: 011

- 1
word 3: 11 word12: 0011 ‘ord14:010

word 8: 001
word 11: 10 word 14: 0010 word 15 000
word 10: 01 word 8: 0001 £{}
word 15: 0000

Splitting plane
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Spr ++es S5} Output:
A={a, o, ..., o} D = {w, W,, ..., Wz} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
The probability vector of the source dictionary A is:

(p(a), p(a), ..., p(@y)).
The state probability vector of the environment dictionary D, is:

(P(Wy), p(Wy), ..., P(Wg))
The real probability of the set s; is given by: p,..(S:) :Jiﬁl p(@;) / FBL(s)).
The state probability of the set s; is given by: p(s;) :g p(W;;).
Set state probabilities p(s;) are equiprobable, equal to (1 / [S]).
Since empty sets have zero frequency of accordance, their state probabilities, is

therefore, added to their parent singleton.
Non empty set state probability is therefore: p(s;) = FBL(S;) /[S].
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
The in-set probability vector P, ... : is the state probabilities of words within a

set s;:

1N-Set

|n -set ( Pin- set(W|1) Pin- set(le) g pin-set(Wi|si|)) | Pin- set(s) i Pin- set(Wu) 1.
At the n™ interval the words in-set probabilities p;, . (W;) are computed as follows:
1- Single word set: Pin-et (W1) = 1.
2- Two words set: pin-set(Wl) = pin-set(WZ) = 2.
3- More than two words in a set, their probabilities depend on the history of the set
merger as shown in the diagram.
The state probability of a word p(w;) € s; Is known as the out-set state probability
vector given by the expression:

P (W) = { Pin-sec(W;;) - FBL(s}) /[S] | W, € s; }.
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Input: Action (w) (" Environment:
A={w, @, ..., &y} S = {51, Spr ++es S5} Output:
A={a, a,, ..., o} D = {w, W,, ..., Wz} (Ss Sj & Se S)
F=(c;,C, e, C) \ P(S) and P(D)

Discrete time interval: n

Initial State: When n = 0, the environment have the following initial conditions:

1) The dictionaries contains single character words only, @ = N.

2) Each sub-set of S contains a single word of the dictionary A | @ € s.. |S| = @.

3) Peai(@) 1s determined by the type of the input source.

4) Set family FBL(s;) =1, wherei=1,2, ...,|S], p(s;) = 1/ ®.

5) Since all words within the dictionaries at n = 0, all equiprobable, then:
Qs(0)=1/N

Hs(0) = log, (N)
Qw(0) and H,,(0): are determined by the source statistical parameters.
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S S S

X y Z
@ Pinset (vIvs) =1. @) Pinset (We) = 1. Do (Wyg) = 1.
Si } Sy ) SZ— =1 pin-set
pin-set (Wll) - pin—set (W14) =Y. < > - halved —
— 1\ /0 -
S; co%elviozds s =s,Us
or : ~
xord 14: 0 6 @@ Pin-set (WS) = Y2, «—
N/JO0 Pin-set (Wll) =Y. <
In-set < » 1\ /0 Pin-set (W14) = 74. <
Codewords
word 3: 1
word 11: 01 S, codewords #{}
word 14: 00
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Set s;: In the proposed S&M algorithm all nodes of EDT except the root
node are partitioned Into sets sy, S, ..., Sig|, for lossless S&M system
(a+y) < |S|and usually |S| = 2", r a positive integer, while for lossy
S&M system |S| =1, 2, ... depending on the given degradation factor.
Each set of nodes s; corresponds to a set of words W, in ED. All node
sets s; are mutually exclusive, (i.e. no node is in two sets). The union of
the |S|sets Is equal to the set of all nodes in the EDT excluding the root
node. A set s; may contains a single data-node, multiple data-nodes or
no-data node. Singletonis a set with a single data-node.

Null set: iIs a sets with no-data nodes may be called data-empty set and
denoted by {}.

Multiple data-nodes set: is a set with multiple data nodes, the set
frequency of occurrence is equal to the sum of all the frequencies of
occurrence of the node in the set.
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Parent singleton set: is a one data-node set (s;), leading a group of
empty-sets called satellites of s;. The number of satellites in the
group called block length of s; and denoted by SBL(s;) Is equal to
(2 -1), (where r is a positive mteger) The satellite block is located
In an ordered sequence to the right of s; in an OEDT. The last
satellite in the block reside in an odd and the parent singleton in an
even position of the OEDT. {SBL(s;) + 1} is called the family
block length of s; and denoted by {FBL(s)} where:
1<FBL(s) < (|S| [2); FBL(s:)=2",r=0,1,2,..., log,(|S|/2).

et nodes 257, 260, 256, and 1 to be no-data nodes of an OEDT, then
nodes 257, 260 and 256 are satellites of node 3, and said to be the
satellite block of node 3, SBL(s;) = 3. Node 1 is satellite of node 261
and are said to be the satellite block of node 261, SBL(s,5,) = 1. Node
3 is said to be of higher rank than node 261.

Q@ Q5D D @
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I is the rank of the non-empty node set s; and its corresponding word
set W; in D, while the rank of null satellite node sets are equal to the
rank of its parent singleton node rank.

The rank of set s; Is directly proportional to its satellite block length
and inversely proportional to its set size. The ranks of sets with
same bock length and size is directly proportional to the maximum
wordlength of W.. It Is a positive integer given by the expression:-
Note: 1_; - Lmax(D) - (|D|max+ SBL(Si) - |Si|) + Lmax(Wi)

1. Since satellites have rank equal to that of its parent singleton,
therefore satellite block sets in ODT are always positioned
Immediately on the right of its parent singleton set.

2. Singleton sets are ordered in decreasing scale of their satellite block
length and increasing scale of their size.

3. Sets of the same satellite block length and size are ordered in
decreasing scale of the largest wordlength in W;; i.e. L., (W,).
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S&M algorithm: The Tree Structure

ODT links:

With rank link
If a link has a value equal -1, the link is a null link

Parent(i)

Left(i) Right (i)

Data(i) Sibling(i)

Child(i)
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Set Coding:
Let D contains the following words:
W7, Wy, We, Wy, Wyg, W3, Wyg, Wy, Wig, Wy, Wo, Wyg, Wyp, Weg,Wg, Wys>
partitioned Into 8 sets: ('S;, Sg, Sgy S4» S3, Sps S5 Sg ); Where:
={wr} se={wy }={} ss={wg } = {}; 54 = {w,} = {}; s3= {wy3 };

= {Ws, Wys}; 8= {Wy, Wyg, Ws, Wo}; and. o= {Wyg, Wiy, Wiy, Wg, Wag -

Average Wordlength
= 2 P(Si)-LWset(Si)
= 1.625 bits

Set
codewords

M
O & 6 00 0000 ORVE®G )
Weet 67) Sg Ss S4 WsetéB) Wset(SZ) Wset(sl) Wset(SO)
1 011 010 001 000
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The word
codeword

Wword = Wset(si)'l'winset(vi)
String addition

Average Wordlength

= 2 p(W;). Lwiorg(w) P -
= 0.5+0.375+0.5+ 7 U \0
0.625+0.25+0.375 P
= 2.625 bits PRETAY ./ \o
== 3N -~ 1/\o  1/\o 1/\o 1/\o 1/\o
T EHEA @ 00 0wee® 0BG
word 7: word 4: 11 word 11: 1 _
word 13: word 16: 10 word 12: 011 word 15: 000
word 3:0101 word 5:00101 word 14: 000 010 B {

word 11: 0 word 9: 00 word 8: 001
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Spr ++es S5} Output:
A={a, o, ..., o} D = {w, W,, ..., Wz} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
Constants: In the finite case we assume:

1) The word size in the dictionaries is one. I. e. @= N = 256.
2) The algorithm tested for two sizes of sets: |S| = 256 and |S| = 512.
3) Two maximum number of intervals are used, |F| = 256 and 512.

Initial Conditions: The initial p[s,(0)] is set to one of ten values in the range of

{0.001< p[s,(0)] <1} and all other set’s probabilities is made to be equal to:
{1-pls(0)I}/ (1 -[S]).

Results: The behaviour of the algorithm is determined by plotting the average

values of p(s,(n), Qs(n), Hg(n), Qp(n) and Hy(n) over hundred (100) trials, for

every one of the ten predetermined different set of initial probabilities.
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Sets

Interval
n=~0

Interval
n=1

Interval
n=2

Interval
n=3

S S, Sy ,— — S,
W, W, Wi W,
| W | W W, W | U |
' ’ v Sat of s,
- —t
W1 W2 Sat of s,
l .

For large values of n, set probabilities will converge to 1/|S]
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Average Prob (n) for 256 intervals over 100 trials

Results of Practical Simulation for: Hg(n), |S| = 256 Pt
0.6
—_1
05 —0.8
—_ W 0.6
£ o4 0.4
'5_ // —0.2
a 03 o
S 02 . —0.05
g —0.01
< 01 ”V_D"" 0.005
- 0.001
0 — —— — : :

Abdullah Hashim-slide No. 19

100 150
Intervals (n)




[Average Qs (n)]

- log

O - N W =~ 01 OO N 00 O

2

- logz [Average Qs (n)] for 256 intervals over 100 trials

\

Results of Practical Simulation for: Qg(n), |S| = 256 Puw1
—_1
| — —_— _ —0.8
/mwf T T N A e W 0.6
,..~+J 0.4
7£ dS N — oo; L | —02
/ /’JF}\\ l0g,(Qs) > 7 || —o
| | 7X0.707=4.049 e = 1/256 | —005
10 | —0.01
I
J# : Rate of convergence p = 32 0.005
| 0.001

100 150
Interval (n)

200 250
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Average Hs (n)

Average Hs (n)for 256 intervals over 100 trials

Results of Practical Simulation for: Hg(n), |S| = 256

9 Pw1
8 +— ; _ 1
ﬁ%ﬁ
[ — — T 08
o1 /—l/ e 0.6
l 0.4
::7,__-’\ as N — oo: — 0>
4{ L\ 85>H.>7 [|—ou
3 | —| —0.05
2 I \ 7.4 X 0.707 = 5.2318 € < 1/256 | —0.01
1 — Rate of convergence p= 32 0.005
O U i | 1 r 1 1T T T 1 1 r 1 T T T 1 T T 0001
0 50 100 150 200 250

Intervals (n)




- Iog2 [Average Qs (n)]

- log, [Average Qs (n)] for 256 intervals over 100 trials

Results of Practical Simulation for: Qg(n), |S| =512 Dur
w
9
8 1 AT W e N AL A AT TN A A —1
. /”W—— S ———— | — 0.8
0.6
6 - 0.4
S as N — oo; | o)
|
g Jik 10g,(Qs) > 8 T _835
T[T 7 X 0.707 = 4.949 — | — V.
i e — 1/512 o
I
1 J{ I Rate of convergence p= 8 0.005
: 0.001
I
I

100 150

Interval (n)
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Average Hs (n) for 256 intervals over 100 trials

Results of Practical Simulation for: Hg(n), |S| =512 Puw1
10
—_1
g - AT i L il | e mp- - R e T - - % —~
- [N SRS A e = o | ——(8
r~ ?’ — 0.6
£ 7-
) f 0.4
I 6
2 5 as N — oo: 2
© —0.1
S 95>H>8 —
<< 3 '
o\ e<1/512 —0.01
2 - | 7.4 X0.707 =5.2318 0.005
1 i Rate of convergence p= 3 0.001
O EI I I I I I I I I I I I I I I I I I I I I I :

0 50 100 150 200 250
Intervals (n)
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n = 0; Source probabilities are set in the given ten values.
At n = 256 the source become completely random.

Results of Practical Simulation for: Q,(n), |S| = 256, over 100 trials
9

: pwl
c gi— —
- | = ‘ = —|—os8
@ : / 0.6
% LR F as n—>o:  |||—oa
E) 4 \\ 1 85>100,(Qp)>7 | _gi
I e > 1/256 |0
I_cl\l 2 \"M 0.01
@)
o 0.005
I . 0.001

0 50 100 150 200 250 300 350 400 450 500
Intervals (n)
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n = 0; Source probabilities are set in the given ten values.
At n = 256 the source become completely random.

Results of Practical Simulation for: Hy,(n), |S| = 256, over 100 trials
9

Prob(p,)
81— -
N e e —— -
= 7 \%\ 7 _;8
\é 6 \\“ ( 0.6
== 5 aS NN — oo; i 0.4
S —0.2
S 8.5>logy(Hp)>7 1 *
o e<1/256  f|—ou
<L 2 —0.01
1 0.005
0 [ sSSSSRSYRSRSNSYSGSTSRYSYSRSYSYSNSYSYSNSYSYSNYSYSYSYSYSESSESESTSSEEES 0001

0 S0 100 150 200 250 300 350 400 450 500
Intervals (n)
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Practical Input Source
4096 character string from Obama Inaugural Speech

Results of Practical Simulation for: Q,(n), |S| = 256, over 100 trials

log,(Q,) of the input source file = 3.71 «—

8 — ((8-3.5) X 0.707) = 4.8

lohn oo —~N o
|

MRAIE BN Al RN A N adh AN .0 2 e AalEN § __JRIER AMAEM

ll' lylui Al, ud qu b uriﬂ'lllﬂl'k1| ”' l l—l” ‘. -ul | ‘ I L'IT

| | |
Rate of convergence p= 500 ——

-log, [Average Q,,(n)]

O PN B

0 5(|)0 1000 1500 2000 2500 3000 3500 4000
Intervals (n)
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Practical Input Source
4096 character string from Obama Inaugural Speech

Results of Practical Simulation for: Hy(n), |S| = 256, over 100 trials

H_of the input source file = 4.286 «———

a

N |
c 7 !
\é : 8—((8-4.9) X0.707)) =5.87
6 T=——x
— | . N Y N I PN
G) 5 I ‘Imli ]1L ;‘.,u'ljurr.'?h‘. ll' I'.'n.l IA"FJM"J L A 4
(@) |
S | | I B
O 3 i
s~ |
< 2 ‘
. __ Rate of convergence p= 530
0IIIIIIEIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
0 500 1000 1500 2000 2500 3000 3500 4000

Intervals (n)
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Practical Input Source
4096 character string from Obama Inaugural Speech

Results of Practical Simulation for: |S| =256, over 100 trials
14

S&M “Finite Case” Compression Ratio = 1.424
(0 Optimum = 1.867
||

iiii ii Hi HE 5 E |
‘ul syt brasyi e wolbaan e

10

Codeword Length

O rrrrrrrrrrrrrrrrtrrrrnr T rrrrrrrrrrTrrorrTrrrorroroTrord

0 500 1000 1500 2000 2500 3000 3500 4000
Intervals (n)
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Practical Input Source
4096 character string from Obama Inaugural Speech

Results of Practical Simulation for: |S| =512, over 100 trials

LAverage = 5'578

14
— S&M “Finite Case” Compression Ratio = 1.434
-15) 12
S 10
= wd L J i\i WL i
<l ; I t T ; ﬁ ;| W M

L e 3;11 T A

g 64 :!!!!!!??!!!!E!!!!!!:!!!!!ﬂ!!!!! MR ?!!!!!!!!!:!!!!!!!!!!!!!!!!!!f!!!!!!!i!!!!! AT '““’3" !!!!!!35!:!!!!!!!!!!!!!5?!!!!L!!!!!! | Wi |
3 m\mmmw\mmrMMMuunwuuﬂ|i1t|mmimmum WNV Ythuu muuﬂmummwMN!uMmtmmlumnunulnmnwﬂlﬂlﬂWl“lﬂunﬂiimmmmmmmmMNilMIWmmmmmnn
o LR (LR \ \
U 2 | i | ’ 13 I ?s | ‘

O+—+—F—F"rr—rrrrrrrrrrrrrrrrrrrr - -

0 500 1000 1500 2000 2500 3000 3500 4000
Intervals (n)

Abdullah Hashim-slide No. 29



Practical Input Source
4096 character string from Obama Inaugural Speech

Results of Practical Simulation for: |S| = 1024, over 100 trials

14
S&M “Finite Case” Compression Ratio = 1.419
= ©
= \ \
T 0T
= i L m: 11 A0 A T
O *l ”’1 I Nl A, wo
= S .!!!!!!!!!!!!!!!!!!!!!!!!!!!!!’"WN!!!!!::!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!"\‘Mw !:!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!‘i"’"“Wm!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!Ml’m !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!W ‘M!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!1“'”‘“”!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!ﬁIml"l}‘I“‘k!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!W‘W!!!!!!!!!!!!!!L 1l
K] |\|1||Il)|\Ilﬂiﬁ\ﬂilmﬂlﬂ\ii T e CETE -
o 1, il Pi‘ I ‘33' 1 \1‘ \1 A1 P R A L .§
S o - —T -
- T
OIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

0 500 1000 1500 2000 2500 3000 3500 4000
Intervals (n)
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