S&M
Split and Merge Compression Algorithm

By
Abdullah Hashim

S&M algorithm: The Norms
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
The Entropy: Sets have equiprobable state probability, then:

S
Het(N) = él[psi(n) 10g,(1/p)] = Lyyerage = Average set codeword length.
Optimum Hg,(n) is equal to the average codeword of s; = log, (|S])

Expediency: The algorithm is said to be absolutely expedient if:

_ _ E [ HSet(n + 1) ] > E [ HSet(n) ]
Optimality: The algorithm is said to be optimal if:

Igm E [He(n)] = log,(|S|) and said to be e-optimal if: 'AE E [He(n)] = log,(|S]) + e.
—»00 00

Where e is arbitrarily small positive number.
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Sp +++s Si5} Output:
A={a, a,, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
Sets MSE vector: Sets have equiprobable state probability, then:

=L (o -1 '= = Epym’- 2 Zpm+-L
o (1) =g E 04N ) = 17 ZPa( o PO

1
| IsT
Expediency: The algorithm is said to be absolutely expedient if:

_ _ E[Qsq(n+1)] < E[Qgy(n) .
Optimality: The algorithm is said to be optimal if:

When € (n) = 0; Z(F’s.( )= —

nIim E [Qs.(N)] = 1/1|S| and said to be e-optimal if: lim E [Qg(n)] = 1/|S| + e.
—00 N—o0

Where e is arbitrarily small positive number.
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n

The Entropy: Assume all words in the source dictionary A are equiprobable,

then; all source words have equal codeword length of log,(|&)).
At interval n, The entropy H,4(n) is given by the expression:

Average codeword length of

|D|
H,ora(N) = El[p[wi(n)] 10gALPIWMI}= 11 words in the dictionary D.

- Laverage{Wi(n)}-
H,..(n) has a minimum value of 0 when one word has a probability of 1
and all other (|@-1) words have probability 0, and a maximum value of
log,(|d),when all words of D, are equiprobable.
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
Word MSE vector' Assume the action is equiprobable random variable, then:

2
__Z = } ==
= (M) = L2 {olw(n)] - @l S S

ICPI

When € (n) = 0; Z {p[w (n)]} | dli|
Expediency: The algorithm is sald to be absolutely expedient if:

E [ Qword(n +1 ) ] <E [ Qword(n) ]
Optimality: The algorithm is said to be optimal if:

Inim E [Q,org(N)] = 1/ S| and said to be e-optimal if: lim E [Q,,4(N)] = 1/|@ + e.
—00 N—o0

Where e is arbitrarily small positive number.
Abdullah Hashim-slide No. 5



Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
The Strateqy:

Atevery interval n, (n =1, 2, ..., |F|), the element of set s, (n) is merged with
element of set s;(n):

5;(n+1) =s;(n) Us,(n)and
pls; (N+1)] = plsi(n)] + plse()].
The element of the split set s,(n) is divided into two sets (s,;) and (S.,)
such that:

P(ss1) =a. p(sg) and p(sy) = (1-a) . p(sy). 0<a<l
S, (n+1) =s,, and s, (N+1) = s,.
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Input: Action (w) (" Environment:
A={w, @, ..., 04} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Qs(n) ={..
Qs(n+1) ={..

={..
={..

Qs(n) - Qg(n+1) =

d{ Qs(n) -

Discrete time interval: n
J P tPs° g% Splitpg into apg and (1-a) pg.

J ratp + 0 (L-a)PPy + (P * Py )

3 ratpt  +pt-2apltatpg® topgt +2pg Pyt Py’
F PP TPy 287t —2ap,’ +2pg Py

—2 a2 p532 +2a pssz -2 ij psk

Qs(n+1)}/d(a) =-4ap2+2 py?
= 0; when a = %,

d*{ Qg(n) - Qs(n+1) }/d (a)? = —4 p, 2% Maximum value, when a = %.

Optimum value of splitting, when a = 4.

Abdullah Hashim-slide No. 7



Input: Action (w) (" Environment:
A={w, @, ..., 04} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
H. Norm: We have established that: I5 (p.) < Hs, and

nlﬂ)noo\/(ZIB) /18] < Qg(N) £ P, < 27| S [; Let |S| = 256, then:

Maximum value of H:
lim p,... <(2/3) /256 = 0.816/256, I = -log,(0.816/256) = 8.29,
o0

n— : :
Maximum: lim Hg < 8.29
N—o0

Minimum value of Hg: n“—r)noo P < 21 256, I = -log,(2/256) = 7,
Minimum: lim Hg > 7.
N—o0

Iim7 < Hqs(n) < 8.2;e—>0

N —> oo
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Input: Action (w) (" Environment:
A={w, @, ..., 04} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
Qs(n) ={...}+p 2+ psj2 + g, % split set s into two half and merge s; with s,:

Qs(n+1) ={...} + +1/4.p2+1/4 P2+ (g + Dy )
Qs(n+1) ={...} + + 12.p2  + pg® +2pg Py * Py
Qs(n) - Qs(N+1) = py? + Py + Py, 2 - 1/2 .pg2 - P -2 Pg Py - P2
= 1/2 .pSSZ -2 ij Psk
For expediency, E [Qs(n) - Q¢(n+1)] > 0;
then: E(1/2.p2%) > E (2 pg; Py
E(4.p2) > E{[1/(2-s]. [1/(1-[s])]}
E(p?) > E (47]5P)

AS N = ®, Qg(N) < Ppax—> 2/| S|
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Input: Action (w) (" Environment:
A={w, @, ..., 04} S = {51, Sp +++s S5} Output:
A={a, o, ..., o} D = {wy, Wy, .oy W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
For simplicity, assume, s, s; and s, are singleton sets. Let p;, p, and p; equal to p(w,),

p(w,) and p(w;) respectively, where w; e s;, w, € s;and w; € s,. In the process of
splitting, p, will doubled, while, p, and p; will be halved in the merging process.

Qs(n) ={..}+ p?2 + P + P
Qs(n+1)={...}+ (2.p)? + (L2.p,+ 1/2 .py)?
={..}+ 4p? +1Ap,2+2/4p,p;+ 1/4ps?

Qs(n+1)- Qs(n)=  + 3p® - 3/4 ps*-2/4p,p, - 3/4pg
For expediency, E [Qs(n+1)) - Q4(n] > 0;
then: E(3ps?) >E@B/M4p,2)+E (2/4p,p;)+E (3/4ps?)
E@Bp,*)  >EA{[3/4(1-[S))°] + [2/4(1-[S])7] + [3/4(1-[S])°]}
E(p,?) > E(2/3[S|)

Asn —> 0,2/ S| <Qsn) <p,. < V(2/3) /]S
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Input: Action (w) (" Environment:
A={w, @, ..., 04} S = {51, Sp +++s S5} Output:
A={a, o, ..., o} D = {wy, Wy, .oy W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
H,, Norm: We have established that: 15 (p,,) < Hp, and

nlg)noo«/(l/z) /|@|< Ppa i Let |@| = 256, then:

Maximum value of H,,;:
lim p,.., <V(1/2) / 256 = 0.707/256, I = -log,(0.707/256) = 8.5,
N—o0

Maximum: lim H,, < 8.5
N—o0

Minimum value of Hw:ni”clo Prax < 2/ 256, I = -log,(2/256) = 7,

Minimum: lim Hg > 7.
N—o0

Iim7 < Hy(n) < 85;e >0

N —> oo
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Input: Action (w) (" Environment:
A={w, @, ..., 04} S = {51, Sp +++s S5} Output:
A={a, o, ..., o} D = {wy, Wy, .oy W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
For simplicity, assume, s, s; and s, are singleton sets. Let p;, p, and p; equal to p(w,),

p(w,) and p(w;) respectively, where w; e s;, w, € s;and w; € s,. In the process of
splitting, p, will doubled, while, p, and p; will be halved in the merging process.
Qw(m) ={..}+ p® + p* + p&f
Qw(n+1) ={...} + (2.p)? + (U2 . Py)*+ (12 . py)?
={..}+4p? + 1Udp,2 + 1/4py?
Qw(n+1) - Qyu(n) = +3p® -3/4 pg# - 3/4py
For expediency, E [Q,(n+1)) - Qp(n] > 0;
then: E(3p,?) >E (3/4p,?) + E (3/4 ps3?)
EBp?) >E{[3/40-|d)] +[3/4(1-|A)’]}
E () > E(12]|Df])

As N = o0, Qu(N) £ Py = V(1/ 2) / | D]
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