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Optimality: The algorithm is said to be optimal if:

lim E [HSet(n)] = log2(|S|) and said to be e-optimal if: lim E [HSet(n)] = log2(|S|) + e.

Where e is arbitrarily small positive number.

n→n→

Expediency: The algorithm is said to be absolutely expedient if:

E [ HSet(n + 1) ]  >  E [ HSet(n) ].

The Entropy: Sets have equiprobable state probability, then: 

Optimum HSet(n) is equal to the average codeword of si = log2 (|S|)

S&M algorithm: The Norms
The Set-Norm: HSet(n)

Hset(n) = S [psi
(n) log2(1/psi

)] = Laverage = Average set codeword length.

Input: Action (w)
D = {w1, w2, …, wF}
A = {a1 , a2 , …, aN}
F = (c1 , c2 , …, c|F|)

Output:
(ss, sj & sk S)

Discrete time interval: n

Environment:
S = {s1, s2, …, s|S|}

D = {w1, w2, …, wF}
P(S) and P(D)

i=1

|S|
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Optimality: The algorithm is said to be optimal if:

lim E [QSet(n)] = 1/ |S| and said to be e-optimal if: lim E [QSet(n)] =  1/|S| + e.

Where e is arbitrarily small positive number.

n→n→

Expediency: The algorithm is said to be absolutely expedient if:

E [ QSet(n + 1 ) ]  <  E [ QSet(n) ].

Sets MSE vector: Sets have equiprobable state probability, then:

When e (n) = 0;  S (psi
(n) = 

i=1

N 1

|S|

e (n) =        S (psi
(n) –        )

21

|S| i=1

|S| 1

|S|
=        S psi

(n)
2
 –          S psi

(n) +
i=1

|S|1

|S| i=1

|S| 1

|S|
2

2

|S|
2

S&M algorithm: The Norms
The Set-Norm: Qset(n)

Input: Action (w)
D = {w1, w2, …, wF}
A = {a1 , a2 , …, aN}
F = (c1 , c2 , …, c|F|)

Output:
(ss, sj & sk S)

Discrete time interval: n

Environment:
S = {s1, s2, …, s|S|}

D = {w1, w2, …, wF}
P(S) and P(D)
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Hword(n) has a minimum value of 0 when one word has a probability of 1 

and all other (|F|-1) words have probability 0, and a maximum value of 

log2(|F|),when all words of D, are equiprobable.

The Entropy: Assume all words in the source dictionary D are equiprobable, 

then; all source words have equal codeword length of log2(|F|).

At interval n, The entropy Hword(n) is given by the expression:

Hword(n) = S [p[w
i
(n)] log2{1/p[w

i
(n)]}  

i=1

|F |

S&M algorithm: The Norms
Word-Norm: Hword(n)

Input: Action (w)
D = {w1, w2, …, wF}
A = {a1 , a2 , …, aN}
F = (c1 , c2 , …, c|F|)

Output:
(ss, sj & sk S)

Discrete time interval: n

Environment:
S = {s1, s2, …, s|S|}

D = {w1, w2, …, wF}
P(S) and P(D)

Average codeword length of 

all words in the dictionary D.

= Laverage{wi(n)}.     

=
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Optimality: The algorithm is said to be optimal if:

lim E [Qword(n)] = 1/ |S| and said to be e-optimal if: lim E [Qword(n)] =  1/|F| + e.

Where e is arbitrarily small positive number.

n→n→

Expediency: The algorithm is said to be absolutely expedient if:

E [ Qword(n + 1 ) ]  <  E [ Qword(n) ].

S&M algorithm: The Norms
The Word-Norm: Qword(n)

Input: Action (w)
D = {w1, w2, …, wF}
A = {a1 , a2 , …, aN}
F = (c1 , c2 , …, c|F|)

Output:
(ss, sj & sk S)

Discrete time interval: n

Environment:
S = {s1, s2, …, s|S|}

D = {w1, w2, …, wF}
P(S) and P(D)

e (n) =        S {p[w
i
(n)] –        }

21

|F | i=1

|F |
1

|F |

1

|F |
= S {p[w

i
(n)]}

2

i=1

|F | 1

|F |
2-

When e (n) = 0; 
1

|F |
S {p[w

i
(n)]}

2

i=1

|F |

=

Word MSE vector: Assume the action is equiprobable random variable, then:
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The Strategy:

  At every interval n, (n = 1, 2, ..., |F|), the element of set sk(n) is merged with

      element of set sj(n):

S&M algorithm: The Strategy

sj (n+1)    = sj(n) U sk(n) and

 p[sj (n+1)]  = p[sj(n)] + p[sk(n)].

 The element of the split set ss(n) is divided into two sets (ss1) and (ss2)

      such that:

p(ss1) = a . p(ss) and   p(ss2)  = (1- a) . p(ss).

ss (n+1) = ss1         and sk (n+1) = ss2.
0  a 1

Input: Action (w)
D = {w1, w2, …, wF}
A = {a1 , a2 , …, aN}
F = (c1 , c2 , …, c|F|)

Output:
(ss, sj & sk S)

Discrete time interval: n

Environment:
S = {s1, s2, …, s|S|}

D = {w1, w2, …, wF}
P(S) and P(D)
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QS(n) = {…} + pss
2 + psj

2 + psk
2;     Split pss

into a pss
and (1 – a) pss

.

QS(n+1) = {…}   + a2 pss
2 +         (1-a)2 Pss

2                    +       ( psj
+ psk

)2              

= {…}   + a2 pss
2   + pss

2 – 2 a pss
2 + a2 pss

2 +  psj
2 + 2 psj

psk
+ psk

2

= {…} + pss
2 + psj

2 + psk
2     + 2 a2 pss

2  – 2 a pss
2 + 2 psj

psk

d{ QS(n) - QS(n+1) } / d (a) = – 4 a pss
2  + 2  pss

2

                                                 =  0;             when  a = ½.

d 2{ QS(n) - QS(n+1) } / d (a)2 =  – 4 pss
2;  Maximum value, when a = ½.

Optimum value of splitting, when a = ½.

QS(n) - QS(n+1) =                                        – 2 a2 pss
2  + 2 a pss

2 – 2 psj
psk

Input: Action (w)
D = {w1, w2, …, wF}
A = {a1 , a2 , …, aN}
F = (c1 , c2 , …, c|F|)

Output:
(ss, sj & sk S)

Discrete time interval: n

Environment:
S = {s1, s2, …, s|S|}

D = {w1, w2, …, wF}
P(S) and P(D)

S&M algorithm: The Strategy
-Optimum value of a-
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S&M algorithm: Set Norms
The Set-Norm: HS(n)

Input: Action (w)
D = {w1, w2, …, wF}
A = {a1 , a2 , …, aN}
F = (c1 , c2 , …, c|F|)

Output:
(ss, sj & sk S)

Discrete time interval: n

Environment:
S = {s1, s2, …, s|S|}

D = {w1, w2, …, wF}
P(S) and P(D)

lim 7 < HS(n) < 8.2; e → 
n → 

HS Norm: We have established that: IS (pmax)  HS, and

lim (2/3) / |S|  QS(n)  pmax  2 / | S |; Let |S| = 256, then:
n→

Maximum value of HS:

            lim  pmax  (2/3) / 256 = 0.816/256, IS = -log2(0.816/256) = 8.29, 

                                           Maximum: lim HS < 8.29
n→

n→

Minimum value of HS:  lim  pmax  2 / 256, IS = -log2(2/256) = 7,

                                             Minimum: lim HS > 7.
n→

n→
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QS(n) = {…} + pss
2 + psj

2 + psk
2; split set ss into two half and merge sj with sk:

QS(n+1) = {…} + + 1/4 . pss
2 + 1/4 . Pss

2 +      ( psj
+ psk

)2              

QS(n+1) = {…} + +           1/2 . pss
2 +  psj

2 + 2 psj
psk

+ psk
2

For expediency, E [QS(n) - QS(n+1)]     >                    0;                  

then: E (1/2 . pss
2 ) >            E (2 psj

psk
)

E (1/4 . pss
2 ) >    E {[1/(1-|s|)] . [1/(1-|s|)]}

E (pss
2 ) >             E (4 / |s|2 )

QS(n) - QS(n+1) = pss
2 + psj

2 + psk
2 - 1/2 .pss

2               - psj
2 - 2 psj

psk
- psk

2

As n →  QS(n)  pmax → 2 / | S |

=      1/2 .pss
2 - 2 psj

psk

S&M algorithm: Set Norms
The Set-Norm: QS(n)

Input: Action (w)
D = {w1, w2, …, wF}
A = {a1 , a2 , …, aN}
F = (c1 , c2 , …, c|F|)

Output:
(ss, sj & sk S)

Discrete time interval: n

Environment:
S = {s1, s2, …, s|S|}

D = {w1, w2, …, wF}
P(S) and P(D)
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QS(n) = {…} +     p1
2 +           p2

2 +       p3
2

QS(n+1) = {…} + (2 . p1)
2 +      (1/2 . p2 + 1/2 . p3)

2 

= {…} + 4 p1
2 + 1/4 p2

2 + 2/4 p2 p3 + 1/4 p3
2           

As n →  2 / |S|  QS(n)  pmax  (2/ 3) / |S|

S&M algorithm: Set Norms
The Set-Norm: QS(n)

Input: Action (w)
D = {w1, w2, …, wF}
A = {a1 , a2 , …, aN}
F = (c1 , c2 , …, c|F|)

Output:
(ss, sj & sk S)

Discrete time interval: n

Environment:
S = {s1, s2, …, s|S|}

D = {w1, w2, …, wF}
P(S) and P(D)

For expediency, E [QS(n+1)) - QS(n] >                    0;                  

then: E (3 p1
2 ) > E (3/4 p2

2 ) + E (2/4 p2 p3 ) + E (3/4 p3
2 )

E (3 p1
2 ) > E {[3/4(1-|S|)2] + [2/4(1-|S|)2] + [3/4(1-|S|)2]}

E (p1
2 ) >                    E (2 / 3 |S |2 )

QS(n+1) - QS(n) =         +  3 p1
2          - 3/4 p3

2 - 2/4 p2 p3   - 3/4 p3
2

For simplicity, assume, ss, sj and sk are singleton sets. Let p1, p2 and p3 equal to p(w1), 

p(w2) and p(w3) respectively, where w1  ss, w2  sj and w3  sk. In the process of 

splitting, p1 will doubled, while, p2 and p3 will be halved in the merging process.
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Input: Action (w)
D = {w1, w2, …, wF}
A = {a1 , a2 , …, aN}
F = (c1 , c2 , …, c|F|)

Output:
(ss, sj & sk S)

Discrete time interval: n

Environment:
S = {s1, s2, …, s|S|}

D = {w1, w2, …, wF}
P(S) and P(D)

S&M algorithm: Dictionary Norms
The Word-Norm: HW(n)

lim 7 < HW(n) < 8.5; e → 
n → 

HW Norm: We have established that: ID (pmax)  HD, and

lim (1/2) / |F |  pmax ; Let |F | = 256, then:
n→

n→

n→

Maximum value of HW:

            lim  pmax  (1/2) / 256 = 0.707/256, IS = -log2(0.707/256) = 8.5, 

                                           Maximum: lim HW < 8.5 

n→

n→
Minimum value of HW:  lim  pmax  2 / 256, IS = -log2(2/256) = 7,

                                             Minimum: lim HS > 7.
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QW(n) = {…} +     p1
2 +      p2

2 +      p3
2

QW(n+1) = {…} + (2 . p1)
2 + (1/2 . P2)

2 + (1/2 . p3)
2 

= {…} + 4 p1
2 +   1/4 p2

2     + 1/4 p3
2           

As n →  QW(n)  pmax → (1/ 2) / |F |

S&M algorithm: Dictionary Norms
The Word-Norm: QW(n)

Input: Action (w)
D = {w1, w2, …, wF}
A = {a1 , a2 , …, aN}
F = (c1 , c2 , …, c|F|)

Output:
(ss, sj & sk S)

Discrete time interval: n

Environment:
S = {s1, s2, …, s|S|}

D = {w1, w2, …, wF}
P(S) and P(D)

For simplicity, assume, ss, sj and sk are singleton sets. Let p1, p2 and p3 equal to p(w1), 

p(w2) and p(w3) respectively, where w1  ss, w2  sj and w3  sk. In the process of 

splitting, p1 will doubled, while, p2 and p3 will be halved in the merging process.

For expediency, E [QW(n+1)) - QD(n] >                    0;                  

then: E (3 p1
2 ) > E (3/4 p2

2 ) + E (3/4 p3
2 )

E (3 p1
2 ) > E {[3/4(1-|F|)2]  + [3/4(1-|F|)2]}

E (p1
2 ) >                    E ( 1/ 2 |F |2 )

QW(n+1) - QW(n) =         +  3 p1
2        - 3/4 p3

2 - 3/4 p3
2


	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12

